The accretion of comets onto DA white dwarfs can produce observable metal absorption lines. We show here that comet systems around the progenitor main sequence star are vulnerable to being lost during asymptotic giant branch mass loss, if the mass loss is sufficiently asymmetric to impart modest linear momentum to the white dwarf. This may have bearing on the frequency of observation of heavy elements in white dwarf stars, and on inferences regarding the frequency of comet systems, if the imparted linear velocities of white dwarfs can be estimated.
Introduction
The current model for solar system comets, based upon the classic theory of Oort (1950) , contends that a vast cloud of cometary objects orbits the sun, and that this cloud consists of three components. The first, most inner, component is a disk-like structure of ∼ 10 8 comets referred to as the Kuiper belt (Kuiper 1951) . The Kuiper belt is believed to be the source for short-period comets, and to lie about thirty to several hundred AU from the sun (Levison and Duncan 1994; Weissman 1995; Luu et al. 1997) . The second component, referred to as the inner Oort cloud, is believed to be a large fatter disk containing 10 12 − 10 13 objects lying ∼ 1000 − 20, 000 AU from the sun. The inner cloud is thought to be a source for long-period comets, and there is some contention over whether it is also another source for short-period orbits (Zheng 1994) . The third component is the classical Oort cloud, an isotropic cloud of 10 11 − 10 12 cometary objects extending as far out as 2 × 10 5 AU. This component is also thought to be a reservoir of long-period comets (replenished by the inner cloud) brought into the inner solar system by perturbations due to passing stars and the galactic tidal field. This classical component is the one of interest in this work. While the formation history of the outer Oort cloud is disputed, the inner two components are believed to have formed along with the planets. For a discussion of these topics, see two recent reviews and references therein (Duncan and Quinn 1993; Weissman 1996) .
It is reasonable to suppose that similar cometary systems exist around other stars (Clube and Napier 1984; Tremaine 1993; Shull and Stern 1995) ; however, the diffuse nature of the Oort cloud makes it difficult to directly observe a similar system around another star (Bailey, McBreen, and Ray 1984; Stern, Stocke, and Weissman 1991; Weintraub and Stern 1994) . Dust shells and disk-like structures have been detected by around up to 10% of nearby stars (Aumann et al. 1984; Aumann 1985; Walker and Wolstencroft 1989; Oudmaijer et al. 1992; Zuckerman 1993; Lagrange-Henri 1995; ) . These shells may contain cometary material, but definitive proof of the presence of extra-solar comets is elusive (Weissman 1984; Harper, Lowenstein, and Davidson 1984; Matese, Whitmore, and Reynolds 1989; Beust et al. 1994; Brunini and Benvenuto 1996) . The direct detection of cometary systems around nearby stars is made more promising by the rapid evolution of technologies such as improved infrared detectors, new large infrared-optimized ground-based telescopes, adaptive optics, high-altitude and space-based infrared telescopes, and (sub-)millimeter arrays (Burrows et al. 1995; Roddier 1995; Shao 1996) . (One the the designated primary science themes for SIRTF is the observation of protoplanetary and planetary debris disks.) Of concern here is the indirect detection of Oort-like comet clouds around other single intermediate mass stars, which are believed to end up as white dwarf stars during the normal stellar evolutionary sequence. Alcock, Fristrom, and Siegelman (1986, hereafter AFS) proposed that the accretion of a massive comet (e.g. ∼ 10 17 g) onto a white dwarf star could raise the heavy element abundances above detection limits in the nearly pure hydrogen spectrum of a DA white dwarf. Most white dwarfs have hydrogen-rich atmospheres (DA) or helium-rich atmospheres (DB), which show no evidence for, or very low abundances of, elements heavier than hydrogen or helium. (For a good review of the optical characteristics and classification system of white dwarfs, see Wesemael et al. (1993) . The presence of metals, yet very little hydrogen, in DB stars is not well understood, and so we concern ourselves with the relatively simple DA/DAZ stars.) The dearth of detectable metals in DA and DAZ white dwarfs is believed to be caused by gravity-driven diffusive sedimentation of the heavier elements down out of the atmosphere. The time scale for this process on the order of 10 4 yr for intermediate temperature white dwarfs (18, 000K < ∼ T eff < ∼ 25, 000 K) (Alcock and Illarionov 1980a; Vauclair, Vauclair, and Greenstein 1979; Fontaine and Michaud 1979; Paquette et al. 1986; Bergeron, Wesemael, and Fontaine 1991; Dupuis et al. 1992 Bergeron, Ruiz, and Leggett 1997) . (For a discussion of trace heavy elements in hot DA white dwarfs, see Chayer et al. (1995) .) Metal abundances for cool DA white dwarfs may be found in , Shipman et al. (1995) , and Koester, Provencal, and Shipman (1997) .
The signature of comets around white dwarfs depends on two properties of the intermediate temperature DA and DAZ stars. The first is the short sedimentation time, which implies that any heavy elements seen in the atmosphere are not primordial and must have been added recently. The second property of white dwarfs invoked by AFS is the small mass ( < ∼ 10 23 g) of the atmosphere and outer convective envelope of these white dwarfs. Given their small atmospheres, the mass of material accreted need not be very large in order to produce detectable metal lines within the remarkably pure hydrogen spectrum. The accretion of one large comet can add enough material to be observed in this manner.
AFS point to the detection of calcium in the DAZ white dwarf G74 -7 (Lacombe et al. 1983) as a possible example of a recent accretion of a circumstellar comet. (It should be pointed out that accretion rates of elements like calcium and magnesium from the interstellar medium are expected to very low, and thus negligible for the current problem; Alcock and Illarionov 1980b.) Using Joss's (1974) estimate of the rate of accretion of such a massive comet onto the Sun of 10 −2 yr −1 , and the observed flat distribution of comet orbits in periastron distance (Fernandez 1982) , AFS estimated that the rate of comet accretion onto a white dwarf (with radius ∼ 0.01R ⊙ ) surrounded by an Oort-type cloud and planetary system similar to that of the solar system should be ∼ 10 −4 yr −1 . Since the estimated time between accretions is of the same order as the diffusion time, one would expect that a white dwarf with an Oort-type cloud should maintain detectable metal lines for a significant fraction of its lifetime. Given the metal abundances, one can place limits on the accretion rate from such a cloud and therefore define limits on the size of the cometary system surrounding the white dwarf.
AFS investigated the survival of a long-period comet cloud around a white dwarf during the periods of vigorous mass loss and very high luminosity through the post-asymptotic giant branch and pre-planetary nebula phases. Short-period comets at Kuiper belt distances from the star would be destroyed during this evolution (Stern, Shull, and Brandt 1990) . By calculating the orbits of long-period comets (with a distribution similar to that inferred for the outer Oort cloud) in a stellar system which undergoes a gradual, spherically symmetric mass loss, with the mass of the central star given as a function of time, M (t), AFS showed that even when a significant fraction a star's mass is lost during the pre-white dwarf phase of its evolution more than half of the comets in high-eccentricity, long-period orbits remain bound, providing a supply of star-grazing comets which can be accreted by the star. The main physical reason for this result is that these comets spend most of their time at apastron, where they are more insensitive to changes in the potential energy of the system due to their low kinetic energy, and where they are out of danger of evaporation by the central star during its highly luminous red giant phase. The semi-major axes of the orbits increase due to the decreasing depth of the potential well of the system, but they do remain bound.
An important assumption made by AFS was that the mass loss during the advanced stages of stellar evolution is spherically symmetric. Even a modest recoil velocity (∼ 10 2 m/s) of the central star due to an asymmetry in the mass loss can be comparable to the speed of a comet near apastron, and as such should not be neglected when studying the survivability of such comets. Further to the point, observational evidence, from IR and polarization studies of individual late-type stars, continues to mount that the assumption of spherically symmetric mass loss is incorrect in many cases (Jura 1983; Emmering and Chevalier 1988; Planesas, Kenney, and Bachiller 1990; Plez and Lambert 1994; Bjorkman et al. 1994) . While the specific geometries of these outflows are not well understood, it is clear that they are not spherically symmetric, nor do they appear to have the bipolar axisymmetry often associated with planetary nebulae (Asida and Tuchman 1995; Dwarkadas, Chevalier, and Blondin 1996) .
In this work we extend the calculation of AFS to account for a simple asymmetric mass loss. Such a mechanism imparts a net impulsive linear momentum to the central star, which, as mentioned above, becomes important once its magnitude becomes comparable to the speed of a comet at apastron. We investigate the interesting parameter space of the problem, using Monte Carlo simulations, to identify when the mass loss rate, and thus the impulse velocity of the star, becomes large enough to significantly reduce the number of comets able to survive the mass loss.
In II, we present the calculation used to model the effects of asymmetric mass loss on an initial distribution of comet orbits similar to that of the Oort-cloud. In III, we present the results of our calculation in terms of the survivability of these comet orbits given a wide set of parameters that we feel covers the interesting parameter space of the problem. In IV, we discuss the implications of these calculations for researchers in the field interested in the probability that a population of star-grazing comets could survive an asymmetric mass loss, given a knowledge of the conditions of the post asymptotic giant branch stage of a given star's evolution.
Modeling the Asymmetric Mass Loss and Comet Ejection
We are interested in investigating the implications for an initial distribution of comet orbits, similar to those one would expect from an Oort-type cloud, when the central star of the system undergoes a smooth asymmetric mass loss. The asymmetric mass loss manifests itself by providing a net impulsive rectilinear acceleration to the central potential of the system. Of particular interest is the magnitude of this impulsive force necessary to unbind even the high-eccentricity long-period comet orbits, which proved to have a high survival rate for the spherically symmetric mass loss in AFS.
We treat the rectilinear acceleration due to the asymmetric mass loss as an additive fictitious force per unit mass f r in the equation of motion for the comet. The magnitude of this fictitious force is proportional to the mass loss rate, which one would qualitatively expect, and to the total velocity change of the star during the mass loss phase. For simplicity, the magnitude and direction of the mass loss are taken to be constant for the entire mass loss interval. Since the mass loss is not restricted to the initial orbital plane, angular momentum is not conserved, and the motion in the direction perpendicular to the plane must be included. The vector form of the equation of motion, realized in the instantaneous rest frame of the star, becomes
∆v represents the total velocity change imparted to the star, due to this rectilinear acceleration, during the mass loss phase. For M (t) we assume the smooth analytic mass loss function used by AFS, which has the form
where M i is the initial mass, M f is the final mass, and T is the mass loss interval. We concern ourselves with the time interval −3T < t < 3T , so that the time of vigorous mass loss is included fully and the error in the initial and final masses falls below one part in 10 4 . .
M(t) is then obtained by differentiation of equation (2).
We choose to parameterize the total impulsive velocity of the star ∆v in terms of the ratio of the semi-major axis of the orbit a to the period P multiplied by a dimensionless factor Λ:
wheren is a unit vector in the direction of the rectilinear acceleration (opposite the direction of the mass loss). This is a convenient scale because a/P is of the same order as the characteristic velocity of the problem, i.e. the average velocity of a comet around its orbit. An impulsive velocity imparted to the star which is much larger than this characteristic velocity would be expected simply to separate the star from the slowly moving cometary system, and a much smaller velocity would have negligible influence on the state of stellar system. The interesting effects for this occur when Λ ∼ 1.
The dynamical equations (1) are invariant under the transformation:
M(t) .
Units for the computation were selected such that the initial a = GM = 1 for each orbit integration, and so the initial period of the orbit P = 2π. The initial conditions of each comet orbit are then completely determined by the eccentricity squared e 2 , and the starting phase w 3 (the fractional area of the ellipse since the last periastron; Goldstein 1981).
If one starts with a particular choice of a physical problem (a i , ∆v, M f , M i , . M max ), the transformation to the units used in the code, as given by this formalism, is
therefore,
where . M max is the maximum value of the mass loss rate (functionally, the value of . M (t) at t = 0). For example, one obtains Λ ≈ 2.7 for the following set of typical parameters:
The calculation of the fraction of comet orbits which remain bound after the mass loss, B, versus the ratio of the initial period to the mass loss interval, P/T , corresponding to these parameters can be found by interpolating between the second and third column plots of Figure 4 , given an orbit eccentricity. We address these plots fully in Section III.
In order best to simulate the physical nature of the problem, Monte Carlo techniques were used to provide a random initial w 3 and mass loss direction for each integration. Since a random direction for the mass loss is used, the inclination of the initial orbital plane is removed from the problem. To √ N accuracy, the distribution of initial comet orbits is uniform with respect to w 3 and the mass loss direction on the sphere, where N = 10, 000 for all of the calculations shown in this paper.
The equation of motion of an orbit was integrated as a function of time in Cartesian coordinates, using an adaptive time step, fourth order Runge-Kutta method. The code was tested by integrating Kepler orbits, with the mass of the star remaining fixed, and further by reproducing the results of AFS in the spherical mass loss case (Λ = 0).
Results
We begin by obtaining the value of the energy of a comet at the end of each orbit integration, E f , as a function of the initial phase, w 3 , for each parameter set: e 2 , ∆v, P/T , and M f /M i . The fraction of orbital initial phase with E f > 0 represents the fraction of comets which have become unbound and escaped from the system. For each set of integrations we determine the fraction of comets that remain bound after mass loss, which we will denote by B. The values of E f versus w 3 lie on a single smooth curve for the symmetric mass loss case (∆v = 0; see AFS); however, the final energy curves become much more complex once the asymmetric mass loss is introduced. Figure 1 contains representative plots of this E f versus w 3 relationship for a specific set of parameters. The calculation in Figure 1(a) corresponds to the case where the direction of the mass loss (opposite the direction of the rectilinear acceleration) is restricted to the direction of initial apastron in the initial orbital plane. Roughly 2/3 of the orbits in this case have become unbound (E f > 0), and the bound orbits are found toward the middle range of w 3 . The curve is quite smooth is the region 0.35 < w 3 < 0.85, but spikes appear outside this range. In Figure 1(b) , we incorporate the entire randomness of both direction and initial phase for the same set of parameters as in Figure 1(a) . Note the filling of the E f − w 3 parameter space bounded by seemingly smooth curves. Closer observation also reveals two bounding curves at work on the top edge of the region for w 3 < 0.5. The extrema of E f as well as the location of the global minimum are the same as in Figure 1(a) . There are also a greater fraction of bound orbits in this case than for the restricted direction case. The full Monte Carlo realization of the calculation introduces an entirely new level of complexity and richness to the problem. Fig. 1 .-The final energy of an orbit as determined by the initial phase w 3 (the fraction of the area of the orbital ellipse from periastron at the start of the integration). Since GM = a = 1, the initial energy of all comets is E = −0.5. (a) Mass loss restricted to the direction of initial apastron for all w 3 . Squared eccentricity e 2 = 0.8, multiplicative factor of the mass loss Λ = 4, mass ratio M f /M i = 0.4, and period to mass loss interval ratio P/T = 0.9. (b) Fully random simulation (both w 3 and direction) for the same parameters as in (a). Note change in abscissa scale.
We repeat these calculations for different values of P/T in order to sample different periods in terms of the mass loss interval. In Figures 2-6 we show mosaics of plots of the bound fraction of comets B as a function of the initial period to mass loss interval ratio P/T , for different mass loss ratios. The bound fraction obtained from each plot similar to that in Figure 1(b) then represents a single point in these figures. The values lie on a smooth curve, and the √ N fluctuations are approximately the same size as the dots on the plot. As was the case for symmetric mass loss, Fig. 2. -The probability B that a comet remains bound as a function of the ratio of initial period P to mass loss interval T . This mosaic represents a large parameter space range of initial squared eccentricities e 2 and multiplicative factors for the mass loss Λ, for a mass ratio M f /M i = 0.1. The √ N random errors are represented by the size of the points, and the same error exists for the line.
small values of P/T approximate the adiabatic limit, where the mass loss takes place very slowly. Large values of P/T represent the sudden mass loss approximation (Hills 1983) , and the points asymptotically approach the line representing this limit, as expected. In order to verify that the limit is truly achieved in every case, we carried out full calculations increasing P/T up to a value of 2000 and found each asymptote to be correct. In the energetically susceptible orbit region around P/T ≈ 1 we see a minimum in the curve, as in the case for symmetric mass loss, but the additional structure present in that region is quite interesting, yet unexplained physically. Even considering the random fluctuations introduced by the Monte Carlo techniques, the structure is real. We believe that these mosaics provide a coverage of the interesting parameter space relevant to this calculation, in terms of the strength of the mass loss, mass loss ratios, and initial eccentricities. With such a representation of different scenarios, one can see the cases where a significant number of comets will remain in order to become probable future star-grazers for the white dwarf. As was the case for symmetric mass loss, it is precisely the highly eccentric orbits which remain more bound as the magnitude of the rectilinear acceleration increases. The strength of the mass loss, given the scaling of the mass loss amplitude used, need not become very large in order to lose most of the comets.
The behavior of the asymptotic sudden mass loss limits also possesses some interesting details. In Figures 7 & 8 we have plotted these asymptotes as a function of the multiplicative factor, Λ, for the range of eccentricities, e 2 , shown in the mosaics, but only for M f /M i = 0.2&0.6 respectively. These two mass loss fractions represent two interesting cases in terms of the observations of the masses white dwarfs in clusters where a main sequence turn-off point can be found, thereby allowing an estimate of the mass of the white dwarf progenitor to be found. The case of M f /M i = 0.2 is believed to be about the maximum mass loss observed; the case in point is the white dwarf Sirius-B, which has a mass of 1.1M ⊙ and is in a cluster with a turn off mass of 6.0M ⊙ . A M f /M i = 0.6 is about the mass loss fraction expected for 1.0M ⊙ stars. Both cases show very smooth curves which for the most part have the bound asymptote decreasing monotonically with increasing Λ. Both also show apparent convergent point(s), near Λ = 4 − 5, which have a spread in B that is not significant within √ N errors.
An interesting feature of Figure 7 is the maximum in asymptote at this convergent point for circular and nearly circular orbits, yet one would intuitively expect the sudden mass loss limiting value for the surviving comets monotonically to decrease as the effects of asymmetric mass loss become stronger (i.e. increasing impulse velocity of the central star). This can be explained because a certain fraction of the comet orbits have initial velocities in the same direction as the rectilinear acceleration, and as such they can "catch up" to the star for small to medium values of this acceleration. Once the the acceleration becomes large enough they can no longer catch up.
Also note that the ordering from most bound fraction to least, for the given eccentricities, flips order at the convergent point(s). At lower Λ, the higher the eccentricity the larger the bound fraction, but at higher Λ, the lower the eccentricity, the larger the bound fraction. The circular orbits in Figure 8 do not follow this general trend at small Λ; they have a larger bound asymptotic value than some or all of the more elliptical orbits, and the effect must be interpreted as genuine because it is not within random errors. M f /M i = 0.6 is the intersection of much of the characteristic phase space for this problem, and so effects such as this are not easily isolated. 
Discussion and Conclusions
The results of these simulations will be useful to the reader interested in knowing the likelihood that a population of star-grazing long-period comets could have survived the mass loss stages of the white dwarf under study. We have covered a large parameter space and provided a direct scaling relationship between our calculations and appropriate physical properties of a given physical system. Comet survival can be estimated given the comet's initial orbital eccentricity and semi-major axis and a knowledge of the star's post asymptotic giant branch evolution: progenitor initial mass, maximum mass loss rate, net recoil velocity (if any) due to asymmetric mass loss, and final white dwarf mass. We calculated an example given some typical numbers for the above quantities and found a scaling that was well within the simulation parameter space.
We have performed calculations in order to determine the effects of a simple model for stellar asymmetric mass loss on an initial distribution of comet orbits for a system similar to the solar system. Asymmetric mass loss may explain the very small fraction (< 10%) of white dwarfs with detectable metals when potential cometary systems are detected around a larger fraction (∼ 10%) of nearby main sequence stars, given the accretion signature theory of AFS. Our calculations show that an impulsive velocity of the central star of only a few hundred m/s is enough to even drastically reduce the number of star-grazing comets in an Oort-cloud-like population. It should be noted again that these results are meaningful only for classical cloud long-period cometary systems.
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